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SUMMARY 
Non l inea r  beam k i n e m a t i c s  are developed and a p p l i e d  t o  t h e  dynamic a n a l y s i s  of 
a p r e t w i s t e d ,  r o t a t i n g  beam e lemen t .  The common p r a c t i c e  of  assuming moderate  r o t a -  
t i o n s  caused  by s t r u c t u r a l  de fo rma t ion  i n  geomet r i c  n o n l i n e a r  a n a l y s e s  of r o t a t i n g  
beams h a s  been  abandoned i n  t h e  p r e s e n t  a n a l y s i s .  The k i n e m a t i c  r e l a t i o n s  t h a t  
d e s c r i b e  t h e  o r i e n t a t i o n  of t h e  c r o s s  s e c t i o n  d u r i n g  de fo rma t ion  are s i m p l i f i e d  by 
s y s t e m a t i c a l l y  i g n o r i n g  t h e  e x t e n s i o n a l  s t r a i n  compared t o  u n i t y  i n  t h o s e  r e l a t i o n s .  
Open c r o s s  s e c t i o n  e f f e c t s  such  a s  warping r i g i d i t y  and dynamics a r e  i g n o r e d ,  b u t  
o t h e r  i n f l u e n c e s  o f  warp a r e  r e t a i n e d .  The beam c r o s s  s e c t i o n  i s  n o t  a l lowed t o  
deform i n  i t s  own p l a n e .  Var ious  means of  implementa t ion  a r e  d i s c u s s e d ,  i n c l u d i n g  a 
f i n i t e  e lement  f o r m u l a t i o n .  Numerical  r e s u l t s  o b t a i n e d  f o r  n o n l i n e a r  s t a t i c  problems 
show remarkab le  agreement w i t h  exper iment .  
1. INTRODUCTION 
It i s  now wide ly  r ecogn ized  t h a t  a e r o e l a s t i c  a n a l y s i s  of h e l i c o p t e r  r o t o r  b l a d e s ,  
p a r t i c u l a r l y  of h i n g e l e s s  and b e a r i n g l e s s  r o t o r  b l a d e s ,  r e q u i r e s  t h e  i n c o r p o r a t i o n  of 
k i n e m a t i c a l  n o n l i n e a r i t y  ( r e f .  1). The main r eason  f o r  t h i s  r equ i r emen t  i s  t h a t  t h e  
s t a b i l i t y  and r e sponse  of  such sys tems depend s t r o n g l y ,  i n  some c a s e s ,  on t h e  cou- 
p l i n g  be tween bending  and t o r s i o n  motion.  T h i s  impor t an t  coup l ing  cannot  b e  o b t a i n e d  
a c c u r a t e l y  w i t h o u t  c o n s i d e r a t i o n  of t h e  k i n e m a t i c a l  n o n l i n e a r i t i e s .  
A b r i e f  h i s t o r y  of t h e  developments  of n o n l i n e a r  e q u a t i o n s  of  motion f o r  r o t a t -  
i n g  beams p r i o r  t o  1974 is g i v e n  i n  r e f e r e n c e  1. These developments  a r e  g e n e r a l l y  
concerned  w i t h  s l e n d e r  beams, w i t h  t h e  e f f e c t s  of s h e a r  de fo rma t ion  ignored .  S i n c e  
1 9 7 4 ,  t h e  major  c o n t r i b u t i o n s  t o  t h i s  s u b j e c t  have been  t h o s e  of Kaza and Kva te rn ik  
( r e f .  2 )  , and Rosen and Friedmann ( r e f .  3 ) .  The e q u a t i o n s  of motion developed i n  
r e f e r e n c e s  1-3 a r e  v e r y  s i m i l a r .  I n  r e f e r e n c e s  1 and 3 an  o r d e r i n g  scheme is  used  
t h a t  limits t h e  k i n e m a t i c a l  development t o  moderate  r o t a t i o n s .  I n  r e f e r e n c e  2 t h e  
n o n l i n e a r i t i e s  are  l i m i t e d  t o  t h e  second degree  i n  t h e  d i sp lacemen t  v a r i a b l e s .  These 
two d i f f e r e n t  methods of s p e c i f y i n g  ' 'moderate r o t a t i o n s "  i n  r e f e r e n c e s  1-3 a r e  v i r -  
t u a l l y  e q u i v a l e n t  f o r  t h i s  problem. 
I n  a gene ra l -pu rpose  a n a l y s i s ,  a s i n g l e  set of e q u a t i o n s  i s  d e s i r a b l e  - one t h a t  
i s  v a l i d  f o r  a l l  v a l u e s  of t h e  e q u a t i o n  parameters, w i t h i n  some range .  When moderate  
r o t a t i o n s  are assumed, s i t u a t i o n s  can  e a s i l y  ar ise  i n  which t h e  s o l u t i o n  v i o l a t e s  t h e  
a s sumpt ion  of moderate  r o t a t i o n s .  One example is t h e  c a s e  of a t h i n  beam f o r  which 
t h e  r a t i o  of  bending s t i f f n e s s e s  i s  s m a l l  compared t o  u n i t y .  I n  o r d e r  t o  avo id  t h i s  
problem, c e r t a i n  ad hoc  m o d i f i c a t i o n s  t o  t h e  e q u a t i o n s  of  r e f e r e n c e  3 were i n t r o -  
duced and were necessa ry  i n  o r d e r  t o  produce t h e  e x c e l l e n t  c o r r e l a t i o n  o b t a i n e d  i n  
r e f e r e n c e  4 wi th  e x p e r i m e n t a l  d a t a  f o r  l a r g e  d i s p l a c e m e n t s  o f  a n  end-loaded c a n t i -  
l e v e r .  For  example, magni tudes o f  t h e  beam bending and t o r s i o n  s t i f f n e s s e s  had t o  
be s p e c i f i e d  b e f o r e  t h e  e q u a t i o n s  could be  p u t  i n t o  f i n a l  form f o r  s o l u t i o n .  
I d e a l l y ,  t h e  magnitude of  pa rame te r s  i n  t h e  e q u a t i o n s  f o r  gene ra l -pu rpose  a n a l y s e s  
should n o t  i n f l u e n c e  t h e  e q u a t i o n s  themse lves .  Such an i d e a l  i s  e v i d e n t l y  n o t  p r e s -  
e n t  i n  t h e  o r d e r i n g  schemes o f  r e f e r e n c e s  1 and 3 o r  i n  any a r b i t r a r y  a p r i o r i  
r e s t r i c t i o n  t o  second-degree n o n l i n e a r i t y ,  as i n  r e f e r e n c e  2 .  
There a re  o t h e r  shortcomings i n  t h e  e q u a t i o n s  i n  r e f e r e n c e s  1-3. For  example, 
t h e  e f f e c t s  o f  p r e t w i s t  are no t  t r e a t e d  r i g o r o u s l y .  An improved t r e a t m e n t  of p re -  
t w i s t  e f f e c t s  i s  p r e s e n t e d  i n  r e f e r e n c e  5 f o r  a s i m p l i f i e d  problem i n v o l v i n g  o n l y  
t o r s i o n  and a x i a l  d i s p l a c e m e n t .  A d d i t i o n a l  work i s  r e q u i r e d  t o  i n c o r p o r a t e  t h o s e  
a n a l y s i s  t echn iques  i n t o  a g e n e r a l ,  n o n l i n e a r ,  bend ing- to r s ion -ex tens ion  a n a l y s i s .  
I n  r e f e r e n c e  6 e x a c t  n o n l i n e a r  k i n e m a t i c a l  r e l a t i o n s h i p s  a r e  developed and a d d i t i o n a l  
i n s i g h t  i s  p r e s e n t e d  conce rn ing  r e l a t i o n s h i p s  among t h e  e q u a t i o n s  of r e f e r e n c e s  1-3. 
F i n a l l y ,  i n  r e f e r e n c e  7 i t  is  shown t h a t  i n c o n s i s t e n c i e s  are v i r t u a l l y  unavo idab le  
i n  o r d e r i n g  schemes based on d i s p l a c e m e n t s  and r o t a t i o n s  when t h e  magnitude of t h e  
t o r s i o n  r i g i d i t y  i s  s m a l l  compared t o  bending s t i f f n e s s e s .  
Because of  t h e  problems w i t h  k i n e m a t i c a l  l i m i t a t i o n s  i n  t h e  above approaches ,  i t  
seems a p p r o p r i a t e  t o  model t h e  k i n e m a t i c s  of a s l e n d e r  beam w i t h o u t  r e s o r t i n g  t o  a n  
o r d e r i n g  scheme on r o t a t i o n s  o r  t o  a r b i t r a r y  r e s t r i c t i o n s  on d e g r e e  of n o n l i n e a r i t y  
a l lowed i n  e x p r e s s i o n s  i n v o l v i n g  d i sp lacemen t .  T h i s  method would a v o i d  some of t h e  
l i m i t a t i o n s  of  p r e v i o u s  a n a l y s e s  and circumvent  n o n r i g o r o u s  m o d i f i c a t i o n s  such as 
were found necessa ry  i n  r e f e r e n c e  4 .  I n  t h e  p r e s e n t  work, t h e  development i n  r e f e r -  
ence 6 s e r v e s  a s  a f o u n d a t i o n  a long  w i t h  some impor t an t  o b s e r v a t i o n s  from r e f e r e n c e s  8 
and 9 .  R a t h e r  than develop t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  of motion f o r  t h i s  
problem, t h e  o b j e c t i v e  i s  t o  deve lop  a s t a t e m e n t  of t h e  p r i n c i p l e  of v i r t u a l  work f o r  
dynamic a n a l y s i s  of  a r o t a t i n g  beam element  w i t h  E u l e r - B e r n o u l l i  k i n e m a t i c s .  T h i s  
s t a t e m e n t  w i l l  s e r v e  a s  t h e  b a s i s  of a R i t z - t y p e  modal model f o r  a n  e n t i r e  r o t o r  b l a d e  
o r  of a s i n g l e ,  f i n i t e  e lement  of a r o t o r  b l a d e  w i t h o u t  hav ing  t o  c o n s i d e r  t h e  p a r t i a l  
d i f f e r e n t i a l  e q u a t i o n s  and t h e  n a t u r a l  boundary c o n d i t i o n s  , which are a v a i l a b l e  from 
t h e  s t a t e m e n t ,  i f  needed. 
Although the  r e s u l t s  p r e s e n t e d  h e r e  are  f o r  t h e  case i n  which s h e a r  d e f o r m a t i o n  
i s  n e g l e c t e d ,  t he  n e c e s s a r y  r e l a t i o n s  f o r  i n c l u d i n g  s h e a r  d e f o r m a t i o n  are i n c l u d e d  as  
p a r t  of t h e  development. S i m i l a r l y ,  w i t h  t h e  a p p r o p r i a t e  c o n s t i t u t i v e  l a w ,  e f f e c t s  
such a s  o r t h o t r o p y  o r  a n i s o t r o p y  cou ld  b e  i n c o r p o r a t e d .  The i n i t i a l  c u r v a t u r e  of t h e  
e l c i s t i c  ‘ixis .ind e f f e c t s  a s s o c i a t e d  w i t h  open c r o s s  s e c t i o n s  could a l s o  be i n c o r p o r -  
a t e d .  The d e t a i l e d  development o f  t h e s e  t o p i c s  i s  r e s e r v e d  f o r  f u t u r e  e x t e n s i o n s  o f  
t h e  p r e s e n t  a n a l y s i s .  The p r e s e n t  development p roceeds  as f o l l o w s :  The beam k i n e -  
m a t i c s  a r e  developed i n  s e c t i o n  2 i n  such  a way t h a t  t h e  n e c e s s i t y  f o r  a n  o r d e r i n g  
scheme i s  o b v i a t e d .  T h i s  s e c t i o n  i n c l u d e s  t h e  development of s t r a i n - d i s p l a c e m e n t  
r e l ‘ i t i o n s  and d i r e c t i o n  c o s i n e s  o f  t h e  nominal c r o s s - s e c t i o n a l  p l a n e .  In s e c t i o n  3 
g e n e r a l i z e d  f o r c e s  caused by i n t e r n a l  l o a d s  are  developed from a c o n s i d e r a t i o n  o f  
thci s t r a i n  energy.  Expres s ions  f o r  g e n e r a l i z e d  f o r c e s  caused by i n e r t i a l  and g r a v i -  
t . i t iona1 loads ,ire developed i n  s e c t i o n  4 based on t h e  work done by t h e s c .  lo:1ds 
th rough  ‘I v i r t u ‘ i l  ti isp1.icement. G e n e r a l i z e d  f o r c e s  caused by ‘1 g e n e r d l  set 0 1  
c ~ p p l i e d  d i s t r i b u t e d  1oads  a r e  developed i n  s e c t i o n  5 s i m i l a r  to the) dcvelopmcnt i n  
s e c t i o n  4 .  A I i n i t e  c l e m e n t  imp lemen ta t ion  i s  discussc.d i n  s e c t i o n  6 .  F i n d l l y ,  
2 
numer ica l  r e s u l t s  o b t a i n e d  from a f i n i t e  e lement  c a l c u l a t i o n  o f  n o n l i n e a r  s t a t i c  
e q u i l i b r i u m  are p r e s e n t e d  i n  s e c t i o n  7 .  
2. KINEMATICAL DEVELOPMENT 
I n  t h i s  s e c t i o n ,  t h e  k i n e m a t i c s  f o r  t h e  beam element  are developed  s t a r t i n g  w i t h  
t h e  r ig id-body mot ion  of  t h e  c r o s s - s e c t i o n  p l a n e  as d e s c r i b e d  i n  r e f e r e n c e  6 .  Cross-  
s e c t i o n  warp i s  t h e n  superimposed on t h e  r igid-body mot ion  t o  o b t a i n  t h e  f i n a l  d i s -  
placement  f i e l d .  Next ,  t h e  s t r a in -d i sp lacemen t  r e l a t i o n s  are developed  from t h e  
d i sp lacemen t  f i e l d .  The e x t e n s i o n a l  s t r a i n  i s  t h e n  assumed t o  b e  s m a l l  compared t o  
u n i t y .  T h i s  assumpt ion  i s  used  t o  s i m p l i f y  t h e  o r i e n t a t i o n  d e s c r i p t i o n  and moment 
s t r a i n s  c o n s i d e r a b l y ,  w i thou t  s a c r i f i c i n g  accu racy .  
2 . 1  Development of Displacement  F i e l d  
F i r s t ,  c o n s i d e r  a s t ra ight -beam element  w i t h  t h e  a s s o c i a t e d  c o o r d i n a t e  sys tems 
shown i n  f i g u r e  1. It i s  assumed t h a t  t h e  motion of t h e  frame F i s  known i n  a n  
i n e r t i a l  f rame I .  A set  of d e x t r a l  a x e s  x i ,  i = 1 , 2 , 3  i s  assumed t o  o r i g i n a t e  a t  
F*, t h e  o r i g i n  of  F.  The x 3 - a x i s  l i es  a long  t h e  e l a s t i c  a x i s  of t h e  beam e lemen t .  
Each u n i t  v e c t o r  b _ ~ ,  i = 1 , 2 , 3  i s  p a r a l l e l  t o  t h e  co r re spond ing  a x i s  X i .  The beam 
i s  assumed t o  be  p r e t w i s t e d  s o  t h a t  t h e  local-beam c r o s s  s e c t i o n  i s  r o t a t e d  by an  
a n g l e  0 abou t  t h e  x 3 - a x i s  a t  any p o i n t  on t h e  x 3 - a x i s .  A t  x y  = 0 ,  8 is  d e f i n e d  
t o  be  z e r o  s o  t h a t  t h e  major  a x i s  i s  p a r a l l e l  t o  t h e  x , -ax is  and t h e  minor a x i s  i s  
p a r a l l e l  t o  t h e  
t o  de fo rma t ion ,  
RM F" 
- 
Den0 t e  t h e  same 
M w i t h  r e s p e c t  
x l - a x i s .  Cons ider  an a r b i t r a r y  m a t e r i a l  p o i n t  i n  t h e  beam p r i o r  
denoted  by Mc. The p o s i t i o n  v e c t o r  of Mo w i t h  r e s p e c t  t o  F" i s  
m a t e r i a l  p o i n t  i n  t h e  deformed beam by M. The p o s i t i o n  v e c t o r  of 
t o  F" i s  
where r e p e a t e d  L a t i n  i n d i c e s  imply summation from 1 t o  3 and r e p e a t e d  Greek i n d i c e s  
imply summation from 1 t o  2 .  
The axes 5, and  c2 are a l o n g  p r i n c i p a l  a x e s  f o r  t h e  l o c a l  c r o s s  section a t  a 
p o i n t  P* on t h e  e l a s t i c  a x i s  and remain s o  d u r i n g  de fo rma t ion .  The u n i t  v e c t o r s  
!a are p a r a l l e l  t o  t h e  c r o s s - s e c t i o n  p r i n c i p a l  a x e s  a t  P*, which i s  l o c a t e d  a t  t h e  
o r i g i n  of a d e x t r a l  sys tem P.  The u n i t  v e c t o r  b: i s  d e f i n e d  as  b: x b: - and i s  
t h u s  normal  t o  t h e  c r o s s  s e c t i o n .  The d i sp lacemen t s  u i ,  i = 1 , 2 , 3 ,  are  a long  k:, 
r e s p e c t i v e l y .  A warp d i sp lacemen t  f i e l d  h a s  been  added v e c t o r i a l l y  t o  t h e  r ig id-body 
component o f  t h e  p o s i t i o n  f o l l o w i n g  Wempner ( r e f .  9 ) .  The warp ampl i tude  is Y ,  and 
A i s  t h e  c r o s s - s e c t i o n  warp f u n c t i o n .  
The b a s i s  v e c t o r s  f o r  t h e  P a x e s  a r e  denoted i n  e q u a t i o n  (1) by 
P F 
b .  = C . . b  
-1 i j - j  (3)  
3 
where C i j  
of  p a r a m e t e r s  ( r e f .  10). A l l  t h ree -pa rame te r  d e s c r i p t i o n s  of t h e  r o t a t i o n  have 
i n h e r e n t  s i n g u l a r i t i e s .  Classical  E u l e r  o r i e n t a t i o n  a n g l e s  ( c a l l e d  body-two o r i e n -  
t a t i o n  a n g l e s  i n  r e f e r e n c e  10)  have s i n g u l a r i t i e s  a t  v a l u e s  of  c e r t a i n  a n g l e s  e q u a l  
t o  z e r o .  The Tait-Bryan o r i e n t a t i o n  a n g l e s  ( c a l l e d  body-three o r i e n t a t i o n  a n g l e s  i n  
r e f e r e n c e  10) have a l l  s i n g u l a r i t i e s  a t  90".  T h i s  f a c t  makes them more amenable t o  
d e s c r i p t i o n s  of  r o t a t i o n  caused by s t r u c t u r a l  de fo rma t ion  t h a n  E u l e r  a n g l e s ,  s i n c e  
t h e  case of  no r o t a t i o n  would co r re spond  t o  no de fo rma t ion  and E u l e r  a n g l e s  are  
s i n g u l a r  a t  t h a t  c o n d i t i o n  ( r e f .  6 ) .  To avo id  s i n g u l a r i t i e s  a l t o g e t h e r ,  a t  l ea s t  
f o u r  p a r a m e t e r s  a r e  r e q u i r e d  t o  d e s c r i b e  t h e  r o t a t i o n .  One of  t h e  b e s t  known 
d e s c r i p t i o n s  i s  t h e  s e t  of E u l e r  p a r a m e t e r s .  E u l e r  p a r a m e t e r s  e n a b l e  r o t a t i o n  t o  
b e  d e s c r i b e d  wi th  f o u r  s c a l a r  q u a n t i t i e s  upon which t h e  d i r e c t i o n  c o s i n e  m a t r i x  e le-  
ments depend q u a d r a t i c a l l y .  It  is  p o s s i b l e  t o  e l i m i n a t e  one of t h e  E u l e r  p a r a m e t e r s  
a l g e b r a i c a l l y  and d e r i v e  t h e  Rodrigues p a r a m e t e r s .  
of r o t a t i o n  i n  any d i r e c t i o n ,  b u t  t h i s  i s  r a r e l y  a problem i n  deformable s t r u c t u r e s .  
The d i r e c t i o n  c o s i n e s  are s imple  r a t i o s  of  q u a d r a t i c  polynomials  i n  t h e  Rodr igues  
p a r a m e t e r s .  Furthermore,  t h e  i n v e r s e  o p e r a t i o n  ( i . e . ,  g i v e n  t h e  d i r e c t i o n  c o s i n e  
m a t r i x ,  f i n d  t h e  pa rame te r s )  i s  t r i v i a l  compared t o  t h e  same o p e r a t i o n  w i t h  o r i e n t a -  
t i o n  a n g l e s  ( r e f .  10). 
i s  a 3 x 3 matr ix  whose eletiieiits may b e  s p e c i f i e d  by any of s e v e r a l  sets 
There i s  a s i n g u l a r i t y  a t  180" 
In t h i s  pape r ,  bo th  Tai t -Bryan o r i e n t a t i o n  a n g l e s  and Rodrigues p a r a m e t e r s  a re  
c o n s i d e r e d .  The pr imary development i s  execu ted  w i t h  t h e  o r i e n t a t i o n  a n g l e s  because  
of  t h e  s i m p l i c i t y  of  t h e  r e s u l t  and t h e  f a m i l i a r i t y  of t h e  method. R o t a t i o n s  f r e e  
of  s i n g u l a r i t y  up t o  90"  a re  comple t e ly  a c c e p t a b l e  i n  h e l i c o p t e r  b l a d e  a p p l i c a t i o n s .  
For  a p p l i c a t i o n s  i n  which t h e  90"  r e s t r i c t i o n  i s  u n a c c e p t a b l e ,  t h e  k i n e m a t i c a l  
development f o r  Rodrigues parameters i s  g i v e n  i n  t h e  append ix .  
The d i r e c t i o n  c o s i n e s  a re  h e r e  e x p r e s s e d  i n  terms of Tai t -Bryan o r i e n t a t i o n  
a n g l e s  O i ,  i = 1 , 2 , 3  d e f i n e d  a s  f o l l o w s .  L e t  b a s i s  v e c t o r s  bp - b e  i n t r o d u c e d  
beg inn ing  w i t h  b5 a1 igned w i t h  b y .  Then perform s e q u e n t i a l  r o t a t i o n s  6 i  abou t  
b r ,  - i = 1 , 2 , 3  u n t i l  bp - i s  a l i g n e d  w i t h  t h e  p r i n c i p a l  a x e s  of  t h e  deformed beam 
s i ,  
h e r e  0,-0,-8, is  u s e d .  D i r e c t i o n  c o s i n e s  of t h e  l o c a l ,  deformed-beam, c r o s s -  
s e c t i o n  p r i n c i p a l  axes  P w i t h  r e s p e c t  t o  F when e x p r e s s e d  i n  m a t r i x  form are 
i = 1 , 2 , 3 ,  as shown i n  f i g u r e  2 .  O the r  sequences of r o t a t i o n s  are  p o s s i b l e ,  b u t  
c 2 c 3  s3c1 + s 1 s 2 c 3  S Y S l  - c s c 
c = - - c2s3  c3c1 - s s s c s + c s s 
1 2 3  
l Z 1  [ s 2  -s1c2 c 1 c 2  1 2 3  3 1  ( 4 )  
where c i  = c o s  6 i  and s i  = s i n  0 i .  The d i sp lacemen t  f i e l d  i s  now comple t e ly  spe-  
c i f i e d  a l t h o u g h ,  as p o i n t e d  o u t  i n  r e f e r e n c e  6 ,  two of t h e  t h r e e  a n g l e s  0 ,  and O 2  
can be  e l i m i n a t e d  i f  s h e a r  d e f o r m a t i o n  is  n e g l e c t e d .  
2 . 2  Development of  S t r a in -Disp lacemen t  R e l a t i o n s  
Now t h a t  the d i sp lacemen t  f i e l d  i s  de te rmined  i n  t e r m s  of U i  and O i ,  i t  i s  a 
s t r a i g h t f o r w a r d  ma t t e r  t o  c a l c u l a t e  s t r a i n - d i s p l a c e m e n t  r e l a t i o n s .  
s t r a i n  measures  t h a t  cou ld  be used i n  t h i s  t y p e  o f  a n a l y s i s .  
by Hodges and Dowel 1 ( r e f .  1) i n  t h e i r  p r e l i m i n a r y  development ,  and Green s t r a i n  h a s  
bee11 used b y  :llrnost everyone e l s e .  Fo r  i n f i n i t e s i m a l  s t r a i n s ,  however,  d i f f e r e n c e s  
:lIIloi1g t h e  c'o11lillo11 d e  f i n i  t i o i l s  o f  s t r a i n  a re  smal l  and are  i g n o r e d  i 1 1  t h i  S 
T h e r e  are  several  
Almansi s t r a i n  w a s  used 
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development .  The i n t e n t  h e r e  i s  t o  develop a set  of  s t r a i n - d i s p l a c e m e n t  r e l a t i o n s  
t h a t  w i l l  be  l i n e a r  i n  e l o n g a t i o n s  and s h e a r s ,  bu t  u n r e s t r i c t e d  i n  r o t a t i o n s  up t o  
changes i n  o r i e n t a t i o n  where s i n g u l a r i t i e s  a r e  encoun te red .  Thus,  i t  i s  i m m a t e r i a l  
whether  i t  i s  Green s t r a i n  o r  Almansi s t r a i n  t h a t  s e r v e s  as t h e  s t a r t i n g  p o i n t  s i n c e  
t h e  r e l a t i o n s  w i l l  be s i m p l i f i e d  f o r  small s t r a i n s  anyway. 
pIF f< 
The independent  v a r i a b l e s  of  t h e  v e c t o r s  - R 0 and - R (namely, t l ,  t2, and x 3 )  
c o n s t i t u t e  a nonor thogonal  c u r v i l i n e a r  c o o r d i n z t e  sys tem i d e n t i c a l  t o  t h e  one used i n  
r e f e r e n c e  5.  The s t e p s  fo l lowed  i n  r e f e r e n c e  5 t o  d e r i v e  a se t  of s t r a i n  d i s p l a c e -  
ment r e l a t i o n s  from t h e s e  v e c t o r s  are  a s  fo l lows :  
1. Obta in  t h e  c o v a r i a n t  b a s e  v e c t o r s  f o r  t h e  undeformed s t a t e  from e q u a t i o n  (1). 
2 .  O b t a i n  t h e  c o v a r i a n t  metr ic  t e n s o r  f o r  t h e  undeformed s t a t e  from s t e p  1. 
3 .  Obta in  t h e  c o n t r a v a r i a n t  metric t e n s o r  f o r  t h e  undeformed s t a t e  from s t e p  2 .  
4 .  Obta in  t h e  r e l a t i o n s h i p  between a l o c a l  C a r t e s i a n  c o o r d i n a t e  sys tem and 
s t e p  1 from s t e p  3 .  
5. Ob ta in  t h e  c o v a r i a n t  base  v e c t o r s  f o r  t h e  deformed s t a t e  from e q u a t i o n  ( 2 ) .  
6 .  Ob ta in  t h e  c o v a r i a n t  metr ic  t e n s o r  f o r  t h e  deformed s t a t e  from s t e p  5 .  
7 .  O b t a i n  t h e  Green s t r a i n  t e n s o r  from h a l f  t h e  d i f f e r e n c e  between s t e p  6 and 
s t e p  2 .  
8 .  Transform t h e  Green s t r a i n  t e n s o r  f rom s t e p  7 t o  t h e  l o c a l  C a r t e s i a n  coord i -  
n a t e  sys tem u s i n g  s t e p  4 .  
9 .  i g n o r e  e l o n g a t i o n s  and s h e a r s  wi th  r e s p e c t  t o  u n i t y  i n  a l l  s t r a i n  components 
( i - e . ,  d i s c a r d  a l l  s q u a r e s  and p r o d u c t s  of e l o n g a t i o n s  and s h e a r s ,  l e a v i n g  each  
s t r a i n  component t o  b e  a l i n e a r  combinat ion of e l o n g a t i o n s  and s h e a r s ) .  
The d e t a i l s  of t h e  a l g e b r a ,  a l though  l e n g t h y ,  are s t r a i g h t f o r w a r d  and are 
o m i t t e d  i n  t h i s  r e p o r t .  The e n g i n e e r i n g  s t r a i n  components r e s u l t i n g  from t h e s e  
o p e r a t  i o n s  are 
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+ (<,A1 - < , A 2 ) ( ~ 3  - 8 ' 1 8 '  + A ( K ~  - 
The s t r a i n s  a t  t h e  r e f e r e n c e  a x i s ,  r e f e r r e d  t o  a s  f o r c e  s t r a i n s ,  a r e  g i v e n  by 
- 
E 3 i  = c i j (63j  + u!) - 6 , i  J 
where 6 i j  i s  t h e  Kronecker  symbol. The c u r v a t u r e - l i k e  q u a n t i t i e s ,  r e f e r r e d  t o  3 s  
moment s t r a i n s ,  a r e  g iven  by 
K i  = W 8 '  i j  j 
I 
where,  i n  m a t r i x  form, 
I 
( 7 )  
D e r i v a t i v e s  o f  t h e  w a r p  f u n c t i o n  a r e  denoted by 
ampl i tude  'f = ~3 - 0 '  i s  assumed h e r e  i n s t e a d  of  t h e  more g e n e r a l  f o r m u l a t i o n  i n  
terms o l  Y e x p l i c i t l y  as i n  r e f e r e n c e  5 .  T h i s  assumption r e s u l t s  i n  t h e  n e g l e c t  
of  t r a n s v e r s e  shear  i n  t h e  o u t e r  f i b e r s  of t h e  beam. I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  
t h e  f o r c e  and moment s t r a i n s  are  v e r y  s imilar  t o  t h o s e  of  R e i s s n e r  ( r e f .  8 )  e x c e p t  
t h a t  t h e  ones  above a r e  expres sed  i n  terms of Tai t -Bryan o r i e n t a t i o n  a n g l e s  i n s t e a d  
o f  Rodrigues parameters as i n  r e f e r e n c e  8 .  The moment s t r a i n s  have t h e  dimensions 
o f  c u r v a t u r e ,  but d i f f e r  from c u r v a t u r e  by a f a c t o r  of s ' ,  where s i s  t h e  l e n g t h  
c o o r d i n a t e  a long t h e  deformed-beam e l a s t i c  a x i s  ( r e f .  6 )  and ( ) '  d e n o t e s  t h e  
d e r i v a t i v e  w i t h  r e s p e c t  t o  x3.  
Wempner ( r e f .  9)  developed f o r  s m a l l  d e f o r m a t i o n  of  a r b i t r a r i l y  curved beams. 
A, = 3 A / 2 G a .  A r e s t r i c t e d  warp 
The moment s t r a i n s  a l s o  c l o s e l y  resemble t h o s e  o f  
It is  p o s s i b l e  t o  e l i m i n a t e  0,  and 0 ,  from t h e  a n a l y s i s  i f  s h e a r  de fo rma t ion  
i s  i g n o r e d ,  r e s u l t i n g  i n  a n  E u l e r - B e r n o u l l i  beam model. For  t h i s  c a s e  t h e  v e c t o r  
t a n g e n t  t o  t h e  beam e l a s t i c  a x i s ,  a R M F * / a s I E  = o ,  must remain normal t o  the l o c a l ,  beam 
c r o s s  s e c t i o n  du r ing  d e f o r m a t i o n .  Thus,  from e q u a t i o n  ( 2 )  
c1 
By v i r t u e  of  e q u a t i o n s  ( 3 )  and ( 9 )  
S i n c e  C i j  i s  or thonormal ,  C 3 i C 3 i  = 1. I f  a l l  d e r i v a t i v e s  are  e x p r e s s e d  w i t h  r e s p e c t  
t o  x 3  i n s t e a d  of s,  an e x p r e s s i o n  f o r  s '  i s  o b t a i n e d :  
From e q u a t i o n s  (10) and ( 4 )  
s = u p '  
- S I C 2  = u p  
2 
- (1 + U y s '  c 1 c 2  - 
The ang1cs 0, and 8, can be  e l i m i n a t e d  from C i j  w i t h  t h e  f o l l o w i n g  r e l a t i o n s  
obt'i  ined Irom cquj . t ions ( 1 2 )  
I 6 
1 + u; ( s t 2  - u y  - u2 ' 2 )  1 / 2  - c. = - 
- 4 
s2 - - 
S '  
- u ' 2 ) 1 / 2  
1 c =  
2 S '  
Equa t ions  ( 1 2 ) ,  when s u b s t i t u t e d  i n t o  the  e x p r e s s i o n s  f o r  f o r c e  s t r a i n s ,  y i e l d s  
Cons ide rab ly  more a l g e b r a  i s  r e q u i r e d  t o  e l i m i n a t e  from t h e  moment s t r a i n s  
i f  t h e  above method i s  used .  It is  r e l a t i v e l y  s i m p l e ,  however,  t o  write them d i r e c t l y  
from r e f e r e n c e  6 i n  t e r m s  of d e r i v a t i v e s  w i t h  r e s p e c t  t o  
and 8, 
s where ( )+ = a / a s (  ) .  
u++c (1 - u1 + 2 )  u+u+u++ [ u r  + - 1  2 :.I 
I - u1 +2 
1 3  
(1 - u1 +2 - u 2  +2) 1 / 2  + - 
K 2  
S '  
_  
(1 - u 1  1 
+ + + f t  ? = e ; -  K 3  u1 
(1 - U T 2  - 1 - u1 
Equa t ions  (15)  may be  expres sed  i n  terms of ( ) '  q u a n t i t i e s  i n s t e a d  of ( )+ q u a n t i -  
t i e s  by e q u a t i o n  (11) and l e n g t h y  a l g e b r a ,  T h i s  i s  unnecessa ry ,  however,  i n  l i g h t  of  
t h e  s i m p l i f i c a t i o n s  i n  t h e  n e x t  s e c t i o n .  
2 .3  Smal l -S t r a in  S i m p l i f i c a t i o n  of Kinemat ics  
Because t h e  moment s t r a i n s  a r e  compl ica ted ,  i t  i s  u s e f u l  t o  s i m p l i f y  them 
th rough  t h e  d e r i v a t i o n  of a s m a l l - s t r a i n  approximat ion .  T h i s  i s  accomplished by 
n e g l e c t i n g  t h e  l o n g i t u d i n a l  s t r a i n  of t h e  e l a s t i c  a x i s  w i t h  r e s p e c t  t o  u n i t y  i n  t h e  
d i r e c t i o n  c o s i n e s  as w e l l  as t h e  moment s t r a i n s .  The e x p r e s s i o n  f o r  t h e  l o n g i t u d i n a l  
f o r c e  s t r a i n  s' - 1 i s  a l r e a d y  l i n e a r  i n  t h e  e l o n g a t i o n  of t h e  e l a s t i c  a x i s ;  t h e  
moment s t r a i n s  t h a t  are t o  b e  ob ta ined  a r e  t h e n  independent  of e l o n g a t i o n  of t h e  
e l a s t i c  a x i s  ( i . e . ,  independent  of s ' ) .  It i s  i n t e r e s t i n g  t o  n o t e  t h a t  R e i s s n e r ' s  
moment s t r a i n s  d i f f e r  f rom c u r v a t u r e s  by a f a c t o r  of s' and a r e  independent  of s ' .  
When 8 ,  and e 2  are  e l i m i n a t e d ,  a d d i t i o n a l  s' t e r m s  are in t roduced  i n t o  t h e  
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e q u a t i o n s  through e q u a t i o n s  (13) .  Simply s e t t i n g  s '  = 1 i n  a l l  p l a c e s  t h a t  i t  
o c c u r s  i n  t h e  moment s t r a i n s  and d i r e c t i o n  c o s i n e s  removes t h e  dependence of t h e s e  
q u a n t i t i e s  on 
- 
Another way t o  view t h i s  approx ima t ion  i s  t o  expand t h e  s t r a i n  i n  a T a y l o r  
ser ies  w i t h  e l o n g a t i o n s  caused by s t r e t c h i n g  of t h e  e l a s t i c  ax i s  as t h e  s m a l l  param- 
e t e r .  T h i s  s e p a r a t e s  e l o n g a t i o n  i n t o  components on and o f f  t h e  e l a s t i c  ax is .  When 
o n l y  t h e  t e r m s  l i n e a r  i n  e l o n g a t i o n s  a re  r e t a i n e d ,  t h e  r e s u l t  i s  e q u i v a l e n t  t o  hav ing  
set  s '  = 1 i n  a l l  q u a n t i t i e s  e x c e p t  € 3 3 .  Thus s t r a i n  i s  c o n s i d e r e d  s m a l l  compared 
t o  u n i t y  as  i n  the  example g i v e n  i n  reference 6 ,  p .  3 2 .  I t  i s  claimed i n  r e f e r e n c e  11 
t h a t  t h i s  s o r t  of app rox ima t ion  i n v a l i d a t e s  t h e  s t r a i n  f o r  cases o t h e r  t h a n  i n e x t e n -  
a c c u r a c y  of t h e  mathematical  model as long as  t h e  s t r a i n s  are small  r e l a t ive  t o  u n i t y ,  
which they  must b e  f o r  a p p l i c a t i o n s  of Hooke's l a w .  The r e s u l t i n g  s i m p l i f i c a t i o n s  i n  
- 
I s i o n a l .  I n  r e a l i t y ,  a s i m p l i f i c a t i o n  of t h i s  s o r t  cannot  s i g n i f i c a n t l y  a f f e c t  t h e  
, t h e  d e r i v a t i o n  and i n  t h e  f i n a l  e q u a t i o n s  are  s u b s t a n t i a l .  
I f  s '  i s  s e t  e q u a l  t o  1 i n  e q u a t i o n s  (13) and (15), t h e  r e s u l t  i s  
u t ' s  
- - 1 3  
(1 - u;2)1/2 K1 - 
I u ' u ' u "  [.': + 2 'I ul'c 1 3  (1 - u ' 2 ) 1 / 2 s  1 
K 2  - (1 - u;2)1/2 (1 - u;' - u 2  '2) 1/2 
+ - 





s1 - ' 2  1/2 (1 - u1 1 
(17a)  
(17d) ' 2  1 / 2  c2 = (1 - u1 ) 
Note t h a t  t h e  s i g n  of t h e  s q u a r e  r o o t  q u a n t i t i e s  becomes ambiguous when 0 ,  o r  e 2  
c>xceeds 9 0 " .  Thus,  i t  i s  i m p e r a t i v e  i n  t h i s  f o r m u l a t i o n  t o  res t r ic t  o r i e n t a t i o n  
.tngles t o  less than  90".  A l s o  n o t e  t h a t  and C i j  a re  now independent  o f  u : ;  
s' must n o t  be  s e t  equ'ql t o  u n i t y  i n  t h e  f o r c e  s t r a i n  t 3 3  = s '  - 1. 
Geometric boundary c o n d i t i o n s  are  de te rmined  from s p e c i f i e d  u i  and C i j  a t  
x3 = 0 a n d  s3  = R .  Na tu ra l  boundary c o n d i t i o n s  may b e  o b t a i n e d  from t h e  complete  
s t a t e m e n t  o f  t h e  p r i n c i p l e  of v i r t u a l  work a s  deve loped  i n  t h e  n e x t  t h r e e  s e c t i o n s .  
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3 .  DEVELOPMENT OF GENERALIZED FORCES CAUSED BY INTERNAZ, LOADS FROM STRAIN ENERGY 
I n  t h i s  s e c t i o n ,  t h e  i n t e r n a l  l o a d s  f o r  t h e  beam e lement  are  developed from t h e  
s t r a i n - d i s p l a c e m e n t  r e l a t i o n s  from s e c t i o n  2 and a c o n v e n t i o n a l  c o n s t i t u t i v e  l a w .  
The beam i s  assumed t o  be  of  such  a c o n f i g u r a t i o n  t h a t  open-c ross - sec t ion  e f f e c t s ,  
such  as warping r i g i d i t y ,  a r e  n e g l i g i b l e ,  which i s  j u s t i f i e d  f o r  r o t o r - b l a d e  c r o s s  
s e c t i o n s .  However, t h e  e f f e c t s  o f  warping are r e t a i n e d  i n  o t h e r  p a r t s  of  t h e  i n t e r -  
n a l  l o a d s  development .  T h i s  assumpt ion  i s  h e l p f u l  i n  a f i n i t e  e lement  c o n t e x t  s i n c e  
e n f o r c i n g  k i n e m a t i c a l  boundary c o n d i t i o n s  on t h e  warp d i sp lacemen t  f i e l d  a t  f i n i t e  
e lement  nodes i s  n o t  p o s s i b l e  i n  t h e  g e n e r a l  c a s e  o f  beams be ing  j o i n e d  a t  a r b i t r a r y  
p o s i t i o n s  and o r i e n t a t i o n s  w i t h  r e s p e c t  t o  one a n o t h e r .  
The v i r t u a l  work on  t h e  i n t e r n a l  l o a d s  i s  o b t a i n e d  from the v a r i a t i o n  of the 
s t r a i n  energy  U as i n  ( r e f .  9 )  
where 
The e x p r e s s i o n s  are  g r e a t l y  s i m p l i f i e d  i f  t h e  v a r i a t i o n s  of f o r c e  and moment s t r a i n s  
are w r i t t e n  a s  
where e i j k  i s  t h e  Levi-Cevita pe rmuta t ion  symbol and  
e K 6 0 3  i a 3  a 
a K i  -C 
ii - -  - -  
c 3  3 
aU; 
ullc c c 2  
2 11 3 1  3 2  12 3 1  - 
c3 " 1  3 a K  U" + 




Next ,  t h e  s t r a i n s  a r e  s u b s t i t u t e d ,  e q u a t i o n s  (5) w i t h  ~~i g i v e n  by e q u a t i o n  (14), 
~i by e q u a t i o n s  ( 1 6 ) ,  and t h e  v i r t u a l  s t r a i n s  gfven  i n  e q u a t i o n s  (19)  i n t o  t h e  
s t r a i n  energy by e q u a t i o n s  (18). The r e s u l t i n g  e x p r e s s i o n  can  be a r r a n g e d  by 
t e r m s  t h a t  m u l t i p l y  A s ' ,  A K ~ ,  and 6 ~ ; .  These c o e f f i c i e n t s  are  denoted  by F 3 ,  M i ,  
and B ,  r e s p e c t i v e l y ,  which are g i v e n  by 
These q u a n t i t i e s  are t h e  stress r e s u l t a n t s  g i v e n  i n  terms of t h e  d i s p l a c e m e n t s .  The 
d i s t r i b u t e d  a x i a l  f o r c e  i s  F , ;  l o c a l  d i s t r i b u t e d  moments a l o n g  b: a r e  deno ted  by 
M i .  
cons ide red  h e r e i n .  The s e c t i o n  p r o p e r t i e s  used i n  e q u a t i o n  (23)  are  d e f i n e d  by t h e  
f o l l o w i n g  i n t e g r a l s  o v e r  t h e  c r o s s  s e c t i o n .  
The d i s t r i b u t e d  bimoment i s  B ,  which may be n e g l e c t e d  f o r  t c e  c l a s s  of  beams 
I The s t r a i n  energy  i s  t h e n  
( 2 4 )  
( c o n t )  
A s u i t a b l e  d i s c r e t i z a t i o n  of 
i n  a R i t z - t y p e  f o r m u l a t i o n .  
u i  and O 3  i s  s u f f i c i e n t  t o  o b t a i n  g e n e r a l i z e d  f o r c e s  
4. GENERALIZED FORCES CAUSED BY INERTIAL AND GRAVITATIONAZ, LOADS 
I n  t h i s  s e c t i o n  t h e  g e n e r a l i z e d  f o r c e s  caused  by i n e r t i a l  and g r a v i t a t i o n a l  
l o a d s  ( i . e . ,  body f o r c e s )  are developed f o r  t h e  beam e lemen t .  The e f f e c t s  of c r o s s -  
s e c t i o n  warp on t h e  body f o r c e s  are n e g l i g i b l e  and a re  n o t  c o n s i d e r e d .  
assumed t h a t  t h e  g r a v i t y  f i e l d  g ,  t h e  v e l o c i t y  of p o i n t  F* i n  a n  i n e r t i a l  frame 
I~*', t h e  a c c e l e r a t i o n  of p o i n t  F* i n  an  i n e r t i a l  f rame aF*I ,  - t h e  a n g u l a r  v e l o c i t y  
and  a n g u l a r  a c c e l e r a t i o n  of f rame F i n  a n  i n e r t i a l  f r a m e  mF1 - and aF1, - r e s p e c t i v e l y ,  
are g i v e n  and  d e f i n e d  i n  f rame F as 




- F i  -i V = v  
F*I F*IbF . 
F i  -i ' a = a  
F 
g - = & F i b i  ; 
J 
11 
We must f i n d  the  a c c e l e r a t i o n  and v i r t u a l  d i sp l acemen t  of t h e  p o i n t  M where t h e  
p o s i t i o n  of M w i t h  r e s p e c t  t o  F* is  governed by 
where 




u = u b  - 
5 = 
The v e l o c i t y  of M i n  a n  i n e r t i a l  frame i s  t h e n  
where F(') i s  a t i m e  d e r i v a t i v e  i n  F. C r o s s - s e c t i o n  d i s t o r t i o n  - is  t o  be  
n e g l e c t e d .  The a n g u l a r  v e l o c i t y  wP1 - can  b e  w r i t t e n  a s  
D i f f e r e n t i a t i o n  y i e l d s  t h e  a n g u l a r  a c c e l e r a t i o n  
Now t h e  a c c e l e r a t i o n  can be w r i t t e n  i n  t e r m s  of p r e v i o u s l y  developed e x p r e s s i o n s  as 
FI FI + u ) ]  + 2wF1 x FG + F.. _u + Q PI - - - MI a = a  - - 
S u b s t i t u t i o n  of  e q u a t i o n s  (30) and (31) i n t o  (32) y i e l d s  
The v i r t u a l  displacement  i s  o b t a i n e d  by t h e  r ep lacemen t  of  
a t i o n  i n  t h e  frame F, i n  e q u a t i o n  (29) and t h e  s u b s t i t u t i o n  o f  6R and Sl, f o r  
v - and ( t i ,  - r e s p e c t i v e l y ,  i n  e q u a t i o n s  ( 2 9 )  and ( 3 0 ) ,  as i n  r e f e r e n c r 6 ,  w h z h  y i e l d s  
F(  ') w i t h  F 6 (  ) ,  a v a r i -  
F PF 
+ u + < ) +  6 u + 6 $  x s  F* I EM' = - 6R + 3F1 x ( z 3  - - - -  (34) 
where 6RF*I = 6RF!,bF and 3F1 = FI F These q u a n t i t i e s  r e f l e c t  any n o n p r c s c r i b e d  4 
motion o f  t h e  frame i n  i n e r t i a l  s p a c e .  
the c r o s s - s e c t i o n  axes P i n  F ( r e f .  6 )  can  b e  w r i t t e n  as 
The a n g u l a r  v e l o c i t y  and V i r t u a l  r o t a t i o n  O f  
1 2  
and 
(35) 
The a n g u l a r  a c c e l e r a t i o n  of  P i n  F,  aPF, i s  s imply  t h e  t i m e  d e r i v a t i v e  i n  F of - 
.PF - 
The g e n e r a l i z e d  f o r c e s  a r e  now found from t h e  v i r t u a l  work 
The g e n e r a l i z e d  f o r c e s  a s s o c i a t e d  w i t h  frame motion a r e  u s e f u l  i n  mul t ibody / f  i n i t e  
e lement  a p p l i c a t i o n s  i n  which i t  i s  necessa ry  t o  couple  b o d i e s  t o g e t h e r  t h a t  are 
moving r e l a t i v e  t o  each  o t h e r .  These g e n e r a l i z e d  f o r c e s  are t h e  c o e f f i c i e n t s  of 
F I  F I  6 R ~ i  and 6 $ ~ ~ ~  
t h e s e  f o r c e s  i s  l e f t  t o  t h e  r e a d e r .  For  t h e  g e n e r a l i z e d  f o r c e s  a s s o c i a t e d  w i t h  
Bui, SUA, and  B O , ,  t h e  n e c e s s a r y  i n g r e d i e n t s  a r e  s u i t a b l e  d i s c r e t i z a t i o n s  f o r  
and  O 3  and t h e  v i r t u a l  work, which i s  given by 
and  can  b e  o b t a i n e d  i n  a s t r a i g h t f o r w a r d  manner;  t h e  c a l c u l a t i o n  of 
ui  
where t h e  s e c t i o n  i n t e g r a l s  are  d e f i n e d  as 
and 
F .  u = 6 . b  F .  
- 1-i ' 
I 
I 
( 4 0 )  
F.. F u = C . b .  
1- 1 - 
5 .  DISTRIBUTED APPLIED LOADS 
I n  t h i s  s e c t i o n ,  g e n e r a l i z e d  f o r c e s  caused by d i s t r i b u t e d  a p p l i e d  l o a d s  are 
s imply s t a t e d  f o r  comple t eness .  The a p p l i e d  f o r c e  F - and moment M - a c t  on t h e  
e l a s t i c  axis  so  t h a t  t h e  v i r t u a l  work i s  
R 
- " a p p l i e d  l o a d s  = -I {F - (6RF*' - + F 6 ~ )  - + M - (%F1 + 9PF) 
o r  
R 
- dxg - [ F_ F6u - dX3 "appl ied l o a d s  
A s  w i t h  t h e  i n e r t i a l  l o a d s ,  t h e  g e n e r a l i z e d  f o r c e s  can  be  o b t a i n e d  from t h e  v i r t u a l  
work and any s u i t a b l e  d i s c r e t i z a t i o n  of u i  and 0 , .  
6 .  V A R I O U S  SCHEMES OF IMPLEMENTATION 
The t o t a l  v i r t u a l  work may be w r i t t e n  a s  
- = o  - "body "appl ied l o a d s  
where t h e  v a r i o u s  components of  t h e  t o t a l  v i r t u a l  work may be  o b t a i n e d  from equa- 
t i o n s  ( 2 5 ) ,  ( 3 0 ) ,  and ( 4 3 ) .  The k i n e m a t i c a l  v a r i a b l e s  ui ,  i = 1 , 2 , 3 ,  and 0 ,  may 
1 4  
b e  d i s c r e t i z e d  i n  several ways. One way is  t o  u s e  a set of  a d m i s s i b l e  f u n c t i o n s  i n  
a R i t z - type  a n a l y s i s  based on  e q u a t i o n  ( 4 4 )  where a l l  t h e  frame v a r i a b l e s  are p re -  
s c r i b e d  and 6RF*I and 6 + F I  are z e r o .  A v a r i a t i o n  on t h a t  t y p e  of  development would 
be  t o  a l low 
f o r c e s  and moments f r o m e q u a t i o n s  (39)  and (43)  d i r e c t l y .  I n  t h i s  case t h e r e  would 
b e  p r e s c r i b e d  and nonpresc r ibed  components of each  of t h e  k i n e m a t i c a l  q u a n t i t i e s  i n  
e q u a t i o n  ( 2 6 ) .  
m*I and w1 t o  b e  nonzero,  t h u s  c o l l e c t i n g  frame ( i . e . ,  r i g i d  body) 
There  are c l e a r l y  o t h e r  ways of u s i n g  t h e  frame motion t o  advantage .  
I f  a f i n i t e - e l e m e n t  d i s c r e t i z a t i o n  is u s e d ,  i t  should  be  based  on v a r i a b l e - o r d e r  
shape  f u n c t i o n s  ( r e f s .  1 2  and 13)  t o  avoid  p o o r l y  approximat ing  t h e  geomet r i c  s t i f f -  
en ing  t e r m  which, i n  t h i s  a n a l y s i s ,  is c a l c u l a t e d  from t h e  l o n g i t u d i n a l  s t r a i n  
s '  - 1. I f  u 3  is c r u d e l y  approximated,  t h i s  term w i l l  b e  i n a c c u r a t e .  It shou ld  
b e  no ted  t h a t  i n  a redundant  s t r u c t u r e  undergoing f i n i t e  de fo rma t ion ,  t h e  geomet r i c  
s t i f f e n i n g  e f f e c t  must b e  c a l c u l a t e d  from t h e  s t r a i n - d i s p l a c e m e n t  r e l a t i o n s .  
I n  a f i n i t e - e l e m e n t  implementa t ion  t h e  frame motion and f o r c e s  may be  used  t o  
advan tage  when coup l ing  e l emen t s  t o g e t h e r  t h a t  are  d e f i n e d  i n  d i f f e r e n t  moving coor-  
d i n a t e  sys t ems ,  such as  a t  t h e  i n t e r f a c e  between r o t a t i n g  and n o n r o t a t i n g  components 
of  a h e l i c o p t e r  o r  a t  a h i n g e .  
I n  f i g u r e  3 ,  t h e  beam element  is shown w i t h  t h e  frame F and two nodes R and T 
a t  t h e  r o o t  and t i p  of t h e  beam, r e s p e c t i v e l y .  The d isp lacement  and o r i e n t a t i o n  of 
t h e  beam c r o s s  s e c t i o n  a s  a f u n c t i o n  of  x g  i s  r e p r e s e n t e d  by t h e  d i sp lacemen t  and 
r o t a t i o n  of  t h e  nodes R and T and by a v a r i a b l e  number of  g e n e r a l i z e d  c o o r d i n a t e s  
t h a t  are k i n e m a t i c a l l y  uncoupled from nodal  t r a n s l a t i o n s  and r o t a t i o n s .  The beam 
d i s p l a c e m e n t s  a t  t h e  r o o t  and t i p ,  t h e n ,  must be  de te rmined  from t h e  noda l  
d i sp l acemen t s .  
The bending  d i sp lacemen t s  u1 and uz are  t o  b e  expanded i n  C1-type f u n c t i o n s  
Y i ,  and u 3  and e 3  i n  C 0 - type  f u n c t i o n s  B i ,  namely 
where N i  and N, 
po lynomia l s ,  N, 1 3  and  N 3 , N 4  2 1. The g e n e r a l i z e d  c o o r d i n a t e s  q j i  w i t h  
j = 1 , 2 , 3  have  t h e  d imens ions  o f  l e n g t h  and q , i  i s  d i m e n s i o n l e s s .  The boundary 
c o n d i t i o n s  on t h e  f u n c t i o n s  are  
x = x3/R,  0 5 x 5 1, and are t h e  o r d e r s  of t h e  shape  f u n c t i o n  
15 
and on t h e  f i r s t  d e r i v a t i v e s  
The s t a n d a r d  l i n e a r  d i sp l acemen t  f u n c t i o n s  s a t i s f y  t h e s e  c o n d i t i o n s  f o r  B: 
@ , = l - x  
and t h e  s t a n d a r d  c u b i c  d isp lacement  f u n c t i o n s  s a t i s f y  t h e s e  c o n d i t i o n s  f o r  Y :  
I Y, = 1 - 3x2 + 2x3 Y ,  = - zX2 + zX3  y 3  = 3x2 - z X 3  Y4 = -x2 + x 3  ( 4 9 )  
I f  N, exceeds  3 o r  N,,N, exceed 1, t h e  f o l l o w i n g  h ighe r -o rde r  shape  f u n c t i o n s  
a l l o w  e x t r a  g e n e r a l i z e d  c o o r d i n a t e s  t o  be i n t r o d u c e d  ( r e f .  13) b u t  s t i l l  t o  f u l f i l l  
t h e  above end c o n d i t i o n s  
an+, = x ( l  - x)Gn(5 ,3 ,x )  
n = 0,1, . . . (50)  
Yn+, = ~ ' ( 1  - x) 'Gn(9,5,x)  
where Gn i s  a Jncob i  polynomial  ( r e f .  1 4 ) .  A t  t h e  ends ,  t h e  d i sp lacemen t  and r o t a -  
t i o n  of t h e  
where CTR 
e lement .  
nodes a r e  r e l a t e d  t o  g e n e r a l i z e d  c o o r d i n a t e s  from s imple  k i n e m a t i c s .  L e t  
depends on t h e  p r e t w i s t  O ( k )  of t h e  beam e lement  a t  t h e  t i p  of t h e  
s o  
'0 e 
CTR = " ] (53) 
where so = s i n  e(L) and ce  = cos e ( k ) .  A t  t h e  r o o t  o f  t h e  e l e m e n t ,  t h e  d i s p l a c e -  
ments of t h e  node and beam are  i d e n t i c a l  
or 
1 6  
S i m i l a r l y ,  t h e  r o t a t i o n s  must b e  t h e  same The d i r e c t i o n  c o s i n e s  of R '  w i t h  
r e s p e c t  t o  i ts  undeformed p o s i t i o n  R ,  CR'IR are 
A t  t h e  t i p ,  t h e  d i sp lacemen t s  o f  t h e  node and beam are i d e n t i c a l  
u T b T = q  b F + q  b F + q  b F 
2 3-2 3 2 - 3  T i - 1  1 3 - 1  
o r  
TR = c  
- ' j 
, 9 3 2  
(57) 
and t h e  r o t a t i o n s  of  t h e  t i p  node C T V R  a r e  i d e n t i c a l  t o  t h o s e  of t h e  beam t i p  
C(R , t>  
C T V R  = CTIT(t)CTR = C(L, t )  ( 5 9 )  
Equa t ions  (56)  and (59) each  r e p r e s e n t  n ine  e q u a t i o n s ,  b u t  o n l y  t h r e e  are independent .  
Three  p r e f e r r e d  e l emen t s  t o  e q u a t e  are C21 ,  C 3 1 ,  and C 3 ,  s i n c e  
c3 ,  = u; 
c32 = u; 
and are  t h u s  e a s i l y  expres sed  i n  t e r m s  of q ' s  a t  t h e  r o o t  and t i p .  The use  of  
e q u a t i o n s  ( 4 6 ) ,  ( 4 7 ) ,  and (60) y i e l d s  f o r  t h e  r o o t ,  from e q u a t i o n  (56)  
- -  qa2 R ' R  
R - csc% 
= -sin-' 
9 4  1 
and  f o r  t h e  t i p ,  from e q u a t i o n  (59) 
R ' R  
c 2  I I 
1 7  
T ’ R  - -  - c  R 3a 
4a4 
The f o r c e s  and moments a t  t h e  r o o t  and t i p  nodes must b e  de t e rmined  from t h e  
g e n e r a l i z e d  f o r c e s  a t  t h e  beam r o o t  and t i p ,  r e s p e c t i v e l y .  F i r s t  n o t e  t h a t  t h e  v i r -  
t u a l  d i sp lacement  and v i r t u a l  r o t a t i o n  of t h e  r o o t  node must be  i d e n t i c a l  t o  t h o s e  
of t h e  beam r o o t  
where - -  6+ = 6+PF ( s e e  e q .  3 6 ) .  S i m i l a r l y  a t  t h e  t i p  
T 
- 6u ( t )  = Gu(R,t)  
= - 1  *(R,t)  
The r e l a t i o n s  f o r  t h e  v i r t u a l  d i sp l acemen t s  are s imple  f i r s t  var ia  
t i o n s  (55) and (58 ) .  The r o t a t i o n s  a r e  more invo lved .  The u s e  of  
e v a l u a t e d  a t  t h e  r o o t  y i e l d s  
I where - = 6J1iib_;. I n  m a t r i x  form 
+ 6 3 i 6 q 4 :  c .  1j . ( O , t )  3 
G i b_;. 
where 
0 QC3 3 
0 
A s i m i l a r  r e l a t i o n  h o l d s  f o r  t h e  beam t i p  
18 
t i o n s  of equa- 
e q u a t i o n  (36) 
The v i r t u a l  work of f o r c e s  and moments a t  t h e  r o o t  and t i p  nodes must e q u a l  t h e  v i r -  
t u a l  work caused by g e n e r a l i z e d  f o r c e s  a t  t h e  r o o t  and t i p  of t h e  beam 
so  t h a t  
where RT i s  t h e  t r a n s p o s e  of  R and t h e  Q's are  t h e  g e n e r a l i z e d  f o r c e s  from t h e  
d i s c r e t i z a t i o n  o f  t h e  beam ( i . e . ,  c o e f f i c i e n t s  o f  t h e  6 q ' s ) .  
The e lement  mass m a t r i x  may b e  w r i t t e n  e x p l i c i t l y  f rom e q u a t i o n  (39)  by c o l l e c t -  
A f t e r  s i m p l i f i c a t i o n ,  and i g n o r i n g  rows and columns i n g  c o e f f i c i e n t s  of 
a s s o c i a t e d  w i t h  frame a e g r e e s  of freedom, t h e  mass m a t r i x  can be  o b t a i n e d  from 
Fg and aPF. 
19 
r 
m€iij __ J m  
B 
' k i  ekjc, au t !  c1 
i 3  symmetric 
To o b t a i n  t h e  d i s c r e t i z e d  matr ix  s u b s t i t u t e  t h e  shape  f u n c t i o n s ,  e q u a t i o n  (45), i n t o  
e q u a t i o n  (70 )  and i n t e g r a t e  ove r  t h e  e lement  u s i n g ,  f o r  example,  Gauss-Legendre quad- 
r a t u r e .  The dimension of t h e  d i s c r e t i z e d  m a t r i x  w i l l  depend on t h e  number of i n t e r n a l  
d e g r e e s  of freedom. I t s  c o n t r i b u t i o n  t o  the  sys tem i n  t e r m s  of nodal  d e g r e e s  of free- 
dom i s  s t r a i g h t f o r w a r d  and can  b e  l e f t  t o  t h e  r e a d e r  t o  de t e rmine .  S i m i l a r l y ,  e le-  
ments  of t h e  gy roscop ic  m a t r i x  can  b e  c a l c u l a t e d .  
These e q u a t i o n s  can  b e  programmed e i t h e r  f o r  f i n i t e - e l e m e n t  computa t ion  a s  t h e y  
a re  o r  w r i t t e n  i n  a more e x p l i c i t  m a t r i x  form.  When t h e  e q u a t i o n s  are  l i n e a r i z e d  
abou t  s t a t i c  e q u i l i b r i u m  de termined  from n o n l i n e a r  s t a t i c  e q u a t i o n s ,  a conven ien t  
approach  i s  t o  c a l c u l a t e  t h e  m a s s  and gy roscop ic  matr ices  e x p l i c i t l y  as above and 
s o l v e  f o r  t h e  s t i f f n e s s  m a t r i x  by n u m e r i c a l l y  p e r t u r b i n g  t h e  t o t a l  s t a t i c  g e n e r a l -  
i z e d  f o r c e .  
7 .  RESULTS 
I n  t h i s  s e c t i o n ,  two sets  o f  numer ica l  r e s u l t s  are p r e s e n t e d  a l o n g  w i t h  c o r r e -  
sponding  expe r imen ta l  d<i ta .  The. numer i ca l  r e s u l t s  w e r e  o b t a i n e d  by e x e r c i s i n g  a p r e -  
l i m i n a r y  version o f  <I mult ibody/ f  i n i t e - e l emen t  program p r e s e n t l y  under  development i n  
which t h e  beam e lement  f o r m u l a t i o n  o u t l i n e d  i n  s e c t i o n  6 i s  implemented.  The examples  
were se t  up  for c a l c u l a t i o n  u s i n g  on ly  t h e  p r o p e r t i e s  g i v e n  i n  t h i s  r e p o r t .  
The f i r s t  se t  of d a t a  conce rns  a c a n t i l e v e r e d  beam loaded  w i t h  a t i p  we igh t  
( r e f .  15 ) .  The p r o p e r t i e s  a r e  t a b u l a t e d  i n  t a b l e  1 ,  and t h e  expe r imen ta l  conf igu rn -  
t i o n  is  d e s c r i b e d  i n  d e t a i l  i n  r e f e r e n c e  15. The beam w a s  modeled w i t h  one e lement  
and a s u f f i c i e n t l y  l a r g e  number of po lynomia l s  t o  a c h i e v e  convergence .  R e s u l t s  f o r  
t r a n s v e r s e  t i p  d e f l e c t i o n s  u1 and u 2  and  t i p  r o t a t i o n  8, are shown i n  f i g u r e s  4-6 
a l o n g  w i t h  expe r imen ta l  d a t a .  The agreement  i s  good,  much b e t t e r  t h a n  i n  r e f e r e n c e  15.  
T h i s  good agreement  i s  ach ieved ,  however, w i t h o u t  ad  hoc  m o d i f i c a t i o n s  of  t h e  equ,i- 
t i o n s  based  on t h e  v a l u e s  of beam s t i f f n e s s e s  a s  i s  done i n  r e f e r e n c e  4 .  
The second s e t  of  d a t a  conce rns  a c a n t i l e v e r e d  r o t a t i n g  beam i n  a x i a l  < i i r f low.  
The a i r  f lowing  down through t h e  r o t o r  p l a n e  i s  induced  by t h e  t h r u s t  a t  c o l l e c t i v e  
p i t c l i  s e t t i n g  0 ,  f o r  'I two-bladed r o t o r .  Bending and  t o r s i o n  moments w e r e  mea- 
s u r e d  n e a r  t h e  beam r o o t  f o r  v a r i a b l e  t h r u s t  s e t t i n g s .  The program w a s  s e t  up t o  
c , i l c u l a t e  a i r  l o a d s  based  on ci quas i - s t eady  aerodynamic f o r m u l a t i o n  by Creenberg  
( r e f .  16)  ,ind on uni form induced i n f l o w  de te rmined  from momentum t h e o r y .  (Thcl 
expe r  iment'il conf igur; t t  i on  i s  d e s c r i b e d  i n  a fo r thcoming  p u b l i c n t  i on  by Sii'irpc. 
(S11dr])c!, 1). 1,. : An Ex['erimeiitcil I n v e s t i g a t i o n  of t h e  Flap-Lag-Torsion A c r o t l . i s t i c  
S t ' l b i l i t y  o f  'I Smd~l-S(..ile H i n g e l e s s  H e l i c o p t e r  R o t o r  i n  Hover .  NASA 'TI', t o  bc. pub- 
1ishc.d i n  1985) . l'hc r o t o r  p r o p e r t i e s  a r e  t a b u l a t e d  i n  t a b l e s  2 'ind 3.)  Thei r o t o r  




remainder  of t h e  s t r u c t u r e .  R e s u l t s  f o r  a droop a n g l e  of 0"  and precone  a n g l e s  of  
0"  and 5" a r e  shown i n  f i g u r e s  7 and 8 .  The agreement ,  a g a i n ,  i s  v e r y  good. 
CONCLUSIONS 
Nonl inear  beam k inemat i c s  f o r  s m a l l  s t r a i n s  and l a r g e  r o t a t i o n s  have  been 
developed and a p p l i e d  t o  t h e  dynamic a n a l y s i s  of  a p r e t w i s t e d ,  r o t a t i n g  beam e lement .  
There a r e  no e x p l i c i t  r e s t r i c t i o n s  on r o t a t i o n  caused  by de fo rma t ion  i n  t h e s e  equa- 
t i o n s - o n l y  t h e  e x t e n s i o n a l  s t r a i n  of t h e  e l a s t i c  a x i s  i s  r e q u i r e d  t o  be  s m a l l  rela- 
t i v e  t o  u n i t y .  The o n l y  r e s t r i c t i o n  on t h e  magnitudes of t h e  o r i e n t a t i o n  a n g l e s  
used i n  d e s c r i b i n g  t h e  c r o s s - s e c t i o n  o r i e n t a t i o n  i s  t h a t  t h e y  remain l ess  t h a n  90".  
For a p p l i c a t i o n s  of  t h e  k inemat i c s  where l a r g e r  r o t a t i o n s  may be  encoun te red ,  a 
method of  overcoming t h e  r e s t r i c t i o n  on t h e  magnitude of  r o t a t i o n ,  which u t i l i z e s  
Rodrigues parameters, i s  p r e s e n t e d  i n  t h e  appendix .  
I n  o r d e r  t o  be  a p p l i c a b l e  t o  a l l  e x i s t i n g  r o t o r l h u b  c o n f i g u r a t i o n s  i n  h e l i c o p -  
ters, t h e  a n a l y s i s  needs  t o  be  i n c o r p o r a t e d  i n t o  a h y b r i d  multibodylfinite-element 
program. Th i s  i n c o r p o r a t i o n  i s  under development.  Use fu l  f u t u r e  e x t e n s i o n s  i n c l u d e  
c o n s t i t u t i v e  e q u a t i o n s  f o r  composi te  beams and e f f e c t s  of s h e a r  de fo rma t ion ,  warping 
r i g i d i t y ,  and i n i t i a l  c u r v a t u r e .  
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I APPENDIX 
I n  t h i s  appendix the d i r e c t i o n  c o s i n e s  and moment s t r a i n s  are expres sed  i n  
terms of  Rodrigues pa rame te r s .  To remove t h e  s i g n  a m b i g u i t i e s  of  t h e  development i n  
t h e  t e x t ,  t h e  d i r e c t i o n  c o s i n e s  shou ld  be l e f t  i n  t e r m s  of  u i ,  i = 1 , 2 , 3  so t h a t  
T h i s  i s  n o t  n e c e s s a r y  i n  t h e  t e x t  because  t h e  u s e  of o r i e n t a t i o n  a n g l e s  l i m i t s  t h e  
r o t a t i o n s  t o  be  l e s s  t h a n  90'; f u r t h e r m o r e ,  i t  makes t h e  computa t ion  s l i g h t l y  more 
i n v o l v e d .  For  t h e  u s e  of Rodrigues p a r a m e t e r s ,  w e  make u s e  of  s i m i l a r  r e l a t i o n s h i p s  
d e r i v e d  i n  r e f e r e n c e s  8 and 10 .  The d i r e c t i o n  c o s i n e s  i n  terms of  Rodrigues 
pa rame te r s  4)i a r e  
A f t e r  much a l g e b r a i c  m a n i p u l a t i o n ,  +a can  be  e l i m i n a t e d  i n  t e r m s  of t h e  t h i r d  row I of c 
The u s e  of e q u a t i o n  ( A l )  t h e n  y i e l d s  I 
which goes  t o  i n f i n i t y  o n l y  when t h e  beam r o t a t i o n s  due t o  d e f o r m a t i o n  r e a c h  
180'. 
The moment s t r a i n s ,  as s i m p l i f i e d  f o r  a s t r a i g h t  beam based  on t h o s e  of  R e i s s n e r  
( r e f .  8 ) ,  are  
which can be  expres sed  i n  t e r m s  of 
s t i t u t i o n  of e q u a t i o n  (A4) i n t o  e q u a t i o n  qA5). 
b a s i s  used by R e i s s n e r  co r re sponds  t o  t h e  p r i n c i p a l  axes of t h e  l o c a l  undeformed 
beam, i n s t e a d  of t h e  p r i n c i p a l  a x e s  of  t h e  r o o t  u sed  h e r e i n .  Equa t ion  (A5) t h u s  
d i f f e r s  somewhat from R e i s s n e r ' s  e q u a t i o n  ( 4 9 )  i n  r e f e r e n c e  8 .  
u i ,  + , uy, and 4; by d i f f e r e n t i a t i o n  and sub- 
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rABLE 1.- CANTILEVERED BEAM LOADED WITH TIP WEIGHT 










7 . 2 9 1 9 x 1 0 ’  N / m 2  
3 .022  x 1 0 ’  N / m Z 3  
2807 kg/m 
1 . 2 7 0  c m  
. 3178  c m  
5 0 . 7 6  c m  
Value 
S tandard  
(1O.576x1O6 l b / i n . ’ )  
(4.383X1O6 l b / i n .  2, 
(0 .1014 l b / i n .  3 ,  
( E c  t / 1 2  ) 
(Ect h . 2 )  
( 0 . 4 9 9 9  i n . )  
(0 .1251 i n . )  
( 1 9 . 9 8 5  i n . )  
TABLE 2 . -  ROTOR BLADE PROPERTIES (NACA 0012 
AIRFOIL WITH TWO BLADES) 
Rotor  d i a m e t e r ,  m . . . . . .  1 . 9 2 3  
Blade l e n g t h  ( L ) ,  m . . . . .  - 8 7 0  
Hub o f f s e t ,  %R . . . . . . . .  9 . 5 1  
Chord, c m  . . . . . . . . . .  8 . 6 4  
Taper  . . . . . . . . . . . .  0 
T w i s t  . . . . . . . . . . . .  0 
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Polar moment of 
inertiallength, 
kg-m2 /m 










5 .214  
5 .418  
10.010 
1 2 . 7 4 5  
9 . 9 6 9  
5 . 2 6 5  
2 .663  








F i g u r e  1.- Schematic  of beam and a s s o c i a t e d  c o o r d i n a t e  sys tems.  
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F i g u r e  3 . -  The frame F, r o o t  node R ,  and t i p  node T f o r  a beam e lement  showing 
d e f l e c t i o n s  uR and uT and change of o r i e n t a t i o n  CRrR, C T r T  w i t h  r e s p e c t  t o  
t h e  i n i t i a l  p o s i t i o n s  and o r i e n t a t i o n s .  
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F i g u r e  5.- Edgewise bending d e f l e c t i o n  a t  t i p  (cm). 
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F i g u r e  6 . -  Geometric t w i s t  a t  t i p  ( d e g ) .  
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F i g u r e  7 . -  Measured s t e a d y  b l a d e  moments v e r s u s  b l a d e  p i t c h  a n g l e :  precone = 0" ,  
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F i g u r e  8 . -  Measured s t e a d y  b l a d e  moments v e r s u s  b l a d e  p i t c h  a n g l e :  preconc = 5 " ~  
droop = O " ,  1000 rpm, s o f t  p i t c h  f l e x u r e .  
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